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errors, limitations of instrumental resolution, and uncertainty 
in fitting of data points. Note that our former suggestion, that 
a = 4, is in error because of an earlier misconception' concerning 
the identity of p .  
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ABSTRACT: A modified theory of rubber elasticity is proposed which includes anisotropic intermolecular 
interactions favoring the alignment of neighboring chain segments. These interactions are described in the 
mean field approximation by an intermolecular potential having the same form as that used for the study 
of nematic phases. It is shown that such interactions increase orientation of chain segments but do not 
significantly alter the stress-strain behavior of a network. Finally, experimental consequences of the theory 
are discussed. 

In recent years, the local structure of amorphous 
polymers has been a subject of considerable interest. In 
the rubbery state, the stress-induced orientation distri- 
bution of chain segments should be very sensitive to the 
presence of local order. The second moment S of this 
distribution has been calculated by Roe and Krigbaum' 
in the framework of the classical gas-like t h e ~ r y ~ , ~  of rubber 
elasticity. Observation of deviations from this theory is 
a way to approach the problem of local order in rubbers. 
A few data are already available in this respect. Fukuda, 
Wilkes, and Stein4 reported values of the stress-optical 
coefficient which are too high in dry rubbers and which 
are reduced upon swelling. They suggested that this 
inconsistency could be due to some local order. Besides, 
the fluoresence polarization techniqueM has been recently 
extended to the study of rubbers and preliminary results' 
also show that S is anomalously higher in dry networks 
than in swollen ones. 

This emphasized the need for a modified theory of 
rubber elasticity including intermolecular interactions 
which could give rise to anisotropic packing of chain 
segments. Di Mario8 and Jacksong et al. developed lattice 
models with anisotropic interactions which enhance the 
alignment of neighboring segments. Their aim was not to 
study orientational properties of networks but rather to 
account for the additional C2 term of the phenomenological 
Mooney-Rivlin equation: 

u = (C, + C2/A)(A2 - A-1) 

where u is the true stress and A the extension ratio. Both 
models lead to a ratio C2/C1, proportional to 1/N (N  being 
the number of segments per chain), which is much smaller 
than experimental values (C2/C1 - 1). The Di Marzio 
theory was improved by Tanaka and Allenlo who showed 
that his C2 term should be doubled. Recently, de Gennesl' 
discussed the behavior of polymeric networks containing 
nematogenic segments near the isotropic-nematic tran- 
sition. 

In the present work, the chain segments of usual rubbers 
are considered as cylindrically symmetric objects submitted 
to a weak nematic-like interaction. Segment-segment 
interactions are described in terms of a thermodynamic 
potential of the same form as that introduced in the study 
of nematic phases.12J3 The stress-strain and orienta- 
tion-strain relations are derived for uniaxial stretching. 

0024-9297/79/2212-0316$01.00/0 

It is concluded that such interactions principally increase 
the orientation and that the mechanical behavior is not 
significantly altered, according to the results of Di Marzio, 
Jackson, and Tanaka and Allen. Finally, experimental 
procedures are discussed which should allow one to dis- 
tinguish between nematic-like interaction and entangle- 
ment effects. 

General Considerations 
In a uniaxial medium, the intermolecular potential U123 

between two molecules or chain segments, which behave 
as cylindrically symmetric objects, depends on the in- 
termolecular distance r12 and on the angles el and e2 
between the molecular axes and the symmetry axis of the 
medium. 

It  can be expanded in the form: 

U12 = ,E uh-12)Pl(01)Pd02) (1) 
1 even 

where P i ( 0 )  are Legendre polynomials. 
Restricting the development to the first anisotropic term 

( 1  = 2) ,  one obtains a contribution Fint to the free energy 
per molecule: 

where S is the second moment of the molecular distri- 
bution function and U is a positive parameter of inter- 
action. 

As a preliminary step, let us consider a chain of N 
segments interacting with a uniaxial medium of axis 2, the 
end-to-end vector R lying in the 2 direction (Figure 1). 

The free energy per segment can be expanded in the 
form: 
F = aS2 + bS3 + . , , + cr2 + dr4 + . . . + er2S + 

fr2S2 + gr4S + . . . (3) 

where S is the second moment of the surrounding medium 
and r2 = R2/NRo2, Ro2 referring to the free chain. The first 
set of terms characterizes the nematic-like in te ra~t ion '~  
and the second one describes the usual entropic elasticity.2 
cr2 is the dominant Gaussian term c = 3/2kT and dr4 is the 
first non-Gaussian term corresponding to a possible in- 
crease in the tension when the chain approaches its limit 
of extension. The remaining coupling terms arise from the 
alteration of chain elasticity due to intermolecular in- 
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Figure 1. Schematic representation of chain conformations: 
isolated chain, (b) chain interacting with a uniaxial medium. 
conformation tends to an unidimensional folding along 2. 

(a) 
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c 
us 

Figure 2. Schematic evolution of the Gaussian chain stiffness 
t / R  = ( 2 / R o 2 ) ( c  + eS -k fS2) with increasing interaction. 

teraction. As a matter of fact, they modify the tension t 
a t  the chain ends: 

a 2 t = -(NF) = -$c + eS + fS2 + . . .)R t 
aR 8 0  

4 
NRO4 
- (d + gS)R3 + . . , (4) 

The signs of the coulpling terms can be simply predicted 
from the symmetry properties of the interaction which 
privileges the *Z direction of the segments: An isolated 
tridimensional chain tends toward the unidimensional 
state when submitted to nematic-like interaction (Figure 
1). The first Gaussian term of eq 4 must then decrease 
from 3kTIR; to kT/R; when interaction increases. I t  is 
thus obvious from Figure 2 that e is negative (as previously 
shown by de Gennes") and f is positive. Moreover, g is 
negative since the non-Gaussian term is smaller for uni- 
dimensional chains than for tridimensional ones.15 

The free energy per segment is finally rewritten with 
explicit signs on the form: 
F = AS2 - BS3 + . . . + Cr2 + Dr4 + . . , -Er2S + 

Fr2S2 - Gr4S + . . . ( 5 )  
Let us now consider an assembly of mutually interacting 

chains, all having the same end-to-end vector R. Such a 
situation is not a r'ealistic description of a polymeric 
network but it simp1.y reveals the main properties of an 
ensemble of flexible self-interacting chains. For a given 
value of R, the second moment of the orientation dis- 
tribution of the chain segments is determined by: 

(g) r = o  

Hence: 
r; 
2A S = -r2 + ar4 + . . . 

/ 

Figure 3. Representation of the three identical chains in a 
three-chain cell. The end-to-end vectors are mutually perpen- 
dicular. 

where (Y is a coefficient depending on A ,  B,  E, F ,  and G. 
Placing eq 6 into eq 5, the free energy is obtained as a 

function of R only: 

The broad conclusions to be drawn from the above 
results (eq 6 and 7 )  are the following: (i) A nematic-like 
interaction does not affect the first term of F (eq 7) which 
dominates the stress-strain behavior in the Gaussian range 
(r4 << r2). Therefore it cannot be a plausible cause of the 
C2 deviation from the classical theory. Mechanical effects 
of this interaction arise only a t  high elongation where a 
lowering of the non-Gaussian chain stiffness (second term 
of eq 7) can be expected. (ii) The second moment S is 
obviously increased by interaction but it remains pro- 
portional to r2 in the Gaussian range as in the classical 
theory which predicts:l 

S = Y5r2 + O(r4) 

At high elongation, the curvature of S is governed by the 
coefficient LY of eq 6 which can be positive or negative 
according to the values of B, F, and G. 

These conclusions are quite general and model inde- 
pendent, but they remain qualitative. They will be 
confirmed and stated more precisely by the study of a 
completely calculable model. 

Three-Chain Model. For the derivation given in this 
section, we need the following basic assumptions: (1) The 
chains consist of N freely jointed segments of length a. ( 2 )  
The nematic-like interaction acts between these segments 
and is taken into account in the mean field approximation 
by eq 2 .  (3) As usually assumed in the classical theory, 
the end-to-end vectors are affinely deformed by stretching. 

The mean field treatment and the affine assumption 
seem to be reasonable for elastomers where orientation 
correlations, if they exist, should be very short range. 

In order to facilitate the mathematical treatment, we will 
consider the stretching along Z of the three-chain model 
first introduced by James and Guth16 (Figure 3). 

In these conditions, the free energy of a three-chain cell 
is: 

F =  C N k T S f , l n f , d R -  
u=X,Y,Z 

Y2NkTUS2 (8) 

where R represents the orientation of a segment. In this 
equation, the sum corresponds to the conformational 
entropy and involves the segmental orientation distribution 
f, of the chain whose end-to-end vector R, is directed along 
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axis u (u = X, Y ,  2). The distribution functions f, are 
determined by specifying that F is a minimum for all 
variations of f, which satisfy the constraints: sf, dQ = 1 (9) 

s c o s  CY j ,  dQ = R,/Na (10) 

where CY, is the angle between a segment and axis u. We 
thus obtain: 

f, = Z,-l exp(p,, cos CY, + 3/-US cos2 CY,) (11) 

2, and p, are Lagrange multipliers determined by con- 
ditions 9 and 10. 

The procedure for obtaining the segmental second 
moment S for the whole network and the stress u as 
functions of the elongation ratio A is given in Appendix 
I. The calculation is based upon the expansion of the 
partition functions 2, in series of r,  and US. The final 
results, which suppose the affine deformation of the vectors 
R,, are: 
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s=-  

with K = 5/7[12 - 18V(1 - V)-l + 5 V ( 1  - V)-2] 

5N 
1 v  

5 N l - V  
( 1 2  - A-1) + - - 

L ) ( A 4  1 - v  - P)] (13) 

where p is the segment density. 
In these equations, V = U/5 characterizes the intensity 

of interaction. The value V = 0 corresponds to the classical 
theory (no interaction) and V = 1 corresponds to the 
critical temperature of spontaneous isotropic-nematic 
transition. 

In the Gaussian range (A2/N << l), eq 12 and 13 reduce 
to: 

1 1  
1 - V 5 N  s=-  -(A2 - 1 / A )  

PkT 
N u = - (A2 - 1 / A )  

According to the conclusions of the previous section, S is 
increased by interaction through the front factor (1 - V)-l. 
On the contrary, u is not modified. The proportionality 
between S and u is preserved: 

Q 

5(1 - V)pkT S =  

These results agree with those derived by Tanaka and 
Allen,lo our factor (1 - V)-l corresponding to their coef- 
ficient A (eq 21 of ref 10). 

In the non-Gaussian range, second-order terms of eq 12 
and 13 must be taken into consideration. The curvature 
of the plot of S against (A2  - 1 / A )  is determined by the 
coefficient K (eq 12) which is positive a t  V < 0.47 and V 
> 0.73 and negative for 0.47 < V < 0.73. The second term 
of eq 13 is a negligible &like term (C2/C1 - l/N), 
analogous to the results of Di Marzio and Jackson. The 
sole mechanical interaction effect is the lowering of the 
third term of eq 13 which follows from the induced de- 
crease of the chain stiffness. It should be noted that the 
sum of the second and third terms in eq 13 has the same 
form as the correcting term derived by Tanaka and Allen 
(eq 27 of ref 10). 

These results have been established for perfectly regular 
networks. As shown in Appendixes I1 and 111, the existence 
of free chains or the polydispersity of network chains (i.e., 
distribution of strand lengths) lead to minor corrections 
and do not change the main conclusions. 

Experimental Consequences. Experimental evidence 
of the existence of nematic-like interactions in usual 
rubbers should be obtained from measurements of u and 
S in the Gaussian range. According to the classical theory, 
variations of temperature or swelling ratio must have a 
minor influence on the Cl-like components u1 and S1 of 
u and S. If a nematic-like interaction is present in dry 
rubber, it should be strongly reduced upon swelling (as it 
is in nematic phases). Thus S1 should decrease by addition 
of a small amount of diluent, without significant modi- 
fication of ul. A decreasing temperature is expected to 
enhance interactions and increase S1, the component u1 
being only slightly modified. I t  should be noted that the 
above effects differ from that arising from changes in the 
entanglement density. Such change would modify both 
S1 and u1 in the same ratio through the front factor 1/N. 

Stress-optical coefficient data reported by Fukuda et 
al.4 are consistent with the presence of nematic-like in- 
teractions. However, birefringence measurements can be 
strongly perturbed by anisotropic internal field effects and 
their interpretation in terms of the second moment S 
seems to be very difficult. We believe that other exper- 
imental techniques, such as linear dichroism and 
fluorescence polarization, which are much less sensitive to 
internal field, could bring more conclusive information. 
We are therefore presently using fluorescence polarization 
to study the influence of temperature and swelling on 
orientation of labeled elastomers. 
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Appendix I. Derivation of Orientation a n d  St ress  
i n  t h e  Three-Chain Model 

The partition functions 2, appearing in eq 11 are de- 
termined by condition 9: 

where u = 3/2US. The second moments S, of the segments 
belonging to chains R, are derived from eq A1 by use of: 

3 a  1 S ,  = - -((In 2,) - - 
2 au 2 

From an appropriate expansion17 of erf(X), one obtains: 

(A31 

(-44) 
The variables p, are then expressed as functions of the 

reduced lengths r, = R,/Na by use of condition 10 which 
yields: 

SZ = '/5pZ2 - 2/315PZ4 + 2/15u + 4/315upZ2 + 4/315u2 + - - 

sx' -'/30!Jx2 + y3i51*x4 + - 2/3i5UYx2 + 4/3i5u2 + - 

a r, = -(ln 2,) 
a!J, 
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Hence: 

pz = 3rz11 - 4 / 1 5 ~  + Y5rZ2 + . . .] 645) 

px = 3rxl:l + 7 1 5 ~  + Y5rX2 + . . .] (-46) 

Substituting eq A5 and A6 into A3 and A4, the second 
moments S, are written as series expansions of powers of 
ru and u. The second moment S 

s = y3sz + y3sx (A7) 
is then given by: 

S = 1/(rz2 - rX2)  + ‘/sUS + 17175(rz4 - rX4)  + 1/5(US)2 - 

Solving this equation and using the affine deformation 
hypothesis: 

rZ2 = A2/N rx2 = A-’/N (AB) 

one obtains eq 12. 
In order to calculate the stress u, the free energy F of 

a three-chain (eq 8) cell is first rewritten in the form: 

F = NkTC[1/2UtS + pur, - In Z,] - Y2NkTUS2 

6/175us(3rz2 - 47‘~’) 

U 

substitution of eq AI, A2, A5, and A6 leads to: 

F = 3/2NkT[5(V - V)S2 - 2VS(rZ2 - r X 2 )  + (rz2 + 
2rX2) + ylO(rz4 + 2rX4) + . . .I 

Using eq 12 and A8, the free energy of a cell takes the final 
form: 

(A2 + 2A-l) + - - (2A + A-2) + 1 0 N l - V  

L( 10N 3 2 - 9 A 4  1 - v  + 2 P ) ]  

The free energy Fv per unit volume is: 
APV = (p/3iV)F 

where p is the numlber of segments per unit volume. 
Equation 13 of the text is derived from: 

Appendix 11. Effect of Free Chains 
Here, we consider a network containing three-chain cells 

and free chains whose end-to-end distances are not sub- 
mitted to deformation conditions. If the unit volume 
contains pq segments of network chains and p(1 - q )  
segments of free chains, the free energy is: 

Fv = pgkTC s f, In f, dR + 3 I, 
I 

~ ( 1  - q ) k T C i f f  In ff dR - (p/2)US2 

F V  is minimized with respect to the variations off, as 
For the free chains, 

ff = 27’. exp(3US cos2 a Z / 2 )  (A91 

The derivation of the stress u and the overall second 
moment S is then carried out as in Appendix I, replacing 
eq A7 by: 

where ff is the orientation distribution of free chains. 

in the case of perfect network. 
condition 10 is removed and the minimization yields: 

s = (4/3)CS, + (1 - 4)Sf 
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where Sf is the second moment of the free chain segments. 
The final results are: 

with K’ = 5/7[12q - 18qV(1 - V)-l + 5 V ( 1  - lT2] 

5N 
4 v  

5 N l - V  
(A2  - A-’) + --(A - A-*) + 

The main effect of free chains is to reduce both S and 
u by the front q ( q  C 1) in accordance with the fact that  
free chain segments are oriented only by interaction and 
not by end-to-end stretching. In the Gaussian range, the 
orientation-stress relationship (eq 16) is preserved. It 
follows that the main conclusions of the text are not 
changed when free chains are taken into account. 

Appendix 111. Effect of Polydispersity 
We now consider a polydisperse network containing vi 

chains of Ni segments per unit volume. According to eq 
8, the free energy Fv is: 

where pi = viNi is the segment density relative to chains 
of length Ni and fi, is the orientation distribution of the 
chains of length Ni whose end-to-end vectors lie in the 
direction u. 

The derivation of the second moments Si, is carried out 
as in Appendix I. The mean second moment S is calcu- 
lated from: 

S = 1/3(CPiSiu)/(Cpi) (A12) 
1 ,u 1 

instead of eq A7. 

finally obtains: 
Assuming the affine deformation for all chains, one 

with K”= 5/7[12(N-1)(N) - 18V(1 - V)-l + 5 V ( 1  

1 v  
5 ( N )  1 - V (A2 - A-1) + - -(A - A-2) + 

“( 3(N-’)(N) - - ( ~ 4  - A-2) 1 - v  1 5 0 9  

These results show that the behavior of polydisperse 
networks should not be strongly different from that of 
perfect networks, even if short chains are present. Indeed, 
all interaction terms in eq A13 and A14 involve the mean 
value 1/(N) (and not (1/N)) which is not much sensitive 
to short chains. In the Gaussian range, the effect of 
polydispersity is simply to change the front factor 1/N into 
1/ ( N )  for both S and u, so that the orientation-stress 
relationship (eq 16) is again preserved. 
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ABSTRACT: The translational friction coefficient, E ,  of the Kratky-Porod (KP) wormlike chain near the 
rod limit is calculated according to the Yamakawa-Fujii formulation of the Oseen-Burgers method, with a 
wormlike sausage model assumed for the chain. Here wormlike sausage means a wormlike cylinder capped 
with hemispheres at its ends. The resulting expression for Z converges to the Stokes law at the limit of L 
= d, where L is the contour length and d is the diameter of the sausage. Its comparison with the Yamakawa-Fujii 
expression, which ignores end effects, shows that end corrections to Z are unexpectedly small. In fact, the 
Yamakawa-Fujii theory is accurate down to as short a chain as Lld  - 4. 

Among ~ t h e r s , l - ~  the most accurate formulation of the 
translational friction coefficient, 3, of the Kratky-Porod 
wormlike chain6 (KP chain) is one worked out by Ya- 
makawa and Fujii5 with a model that  they call the 
wormlike cylinder. However, it  is still incomplete in that 
it neglects contributions from the ends of the cylinder. 
Judging from a study by Broersma’ on straight cylinders, 
one may anticipate that end effects on hydrodynamic 
behavior should become significant as the KP  chain gets 
shorter. The purpose of the present paper is to estimate 
such effects on 3, using a wormlike sausage model for the 
KP  chain. This model is a wormlike cylinder capped with 
two hemispheres a t  its ends, as illustrated in Figure 1. It  
is assumed that the central axis of the sausage has a 
flexibility characteristic of the KP chain. We also assume 
that the cross-section of each hemisphere perpendicular 
to the central axis stays circular in whatever way the 
sausage is deformed. Our calculation will be restricted to 
the sausage near the rod limit, because by so doing the 
previously derived momentss (R2“(R.u0)”) (m,n = 0, 1, 2, 
...) for the KP  chain can be applied to calculate the mean 
reciprocal distance (IR - rl-l), which is basic to the 
evaluation of 3 by the Yamakawa-Fujii f ~ r m u l a . ~  Various 
symbols appearing here will be explained in the text. 
Mean Reciprocal Distance 

As in the Yamakawa-Fujii formulation, we measyre all 
lengths in units of the Kuhn statistical length 2q, where 
q is the persistence length of a given KP chain. 

Consider two points x and y on the central axis or 
contour of a wormlike sausage and place the origin of 
Cartesian coordinates (X,Y,Z)  a t  the point x (see Figure 
1). Let the spherical coordinates of R and uo be denoted 
by R = (R, 8, a) and uo = (1, eo, $o), respectively. Here, 
as shown in Figure 1, R is the distance between the points 
x and y, and uo is the unit vector for the tangent to the 
contour a t  the point x .  An orthogonal curvilinear coor- 
dinate system ( l ,q , { )  may be defined in such a way that 
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the 5 ,  q,  and axes are in the directions of euo, es,, and eh, 
respectively, where e denotes a unit vector. Let the 
components of R in this coordinate system be denoted by 
R ,  R,, and R,: 

R = (R,,R,,R,) (1) 

It is a simple operation to show that 
R, = R[cos Bo cos 8 + sin Bo sin 0 cos (a - &)I 

R, = R[-sin Bo cos 8 + cos Bo sin 8 cos (a - 40)l 

R, = R sin 8 sin (a - $o) (2) 

where R = (RI. Let r be the radius vector a t  the point x .  
If the angle that it makes with the q axis is denoted by P, 
the l , q ,  and { components of r are given by 

r = (0,r cos P,r sin P )  (3) 

Equations 1 and 3 may allow IR - rl-’ to be written in the 
form 

IR - rl-’ = 1/[R2 + r2 - 2r(R, cos 0 + R, sin P)]1/2 (4) 

The mean reciprocal distance (IR - r1-l) is given by5 

(IR - r1-l) = (IR - rl-l)aG(R,uo;t) dR duo (5) 

where G(R,uo;t) is a distribution function ( t  = Ix - yI) and 

The integral in eq 6 with eq 4 can be evaluated to give 

(7) 

where 0 is the angle between the vectors R and Q, and (4m 
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